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Abstract 

A Kawasaki dynamics in continuum is a dynamics of an infinite system of interacting particles 
in M d which randomly hop over the space. In this paper, we deal with an equilibrium Kawasaki 
dynamics which has a Gibbs measure fi as invariant measure. We study a diffusive limit of 
such a dynamics, derived through a scaling of both the jump rate and time. Under weak 
assumptions on the potential of pair interaction, (f>, (in particular, admitting a singularity 
of (j) at zero), we prove that, on a set of smooth local functions, the generator of the scaled 
dynamics converges to the generator of the gradient stochastic dynamics. If the set on which 
the generators converge is a core for the diffusion generator, the latter result implies the weak 
convergence of finite-dimensional distributions of the corresponding equilibrium processes. 
In particular, if the potential (j) is from C^(M rf ) and sufficiently quickly converges to zero at 
infinity, we conclude the convergence of the processes from a result in [Choi et al, J. Math. 
Phys. 39 (1998) 6509-6536]. 
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1 Introduction 

A Kawasaki dynamics in continuum is a dynamics of an infinite system of interacting 
particles in M. d which randomly hop over the space. The generator of such a dynamics 
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has the form 

(tfF)(7) = -V / dyc( 1 ,x,y)(F{ 1 \xUy)-F{ 1 )), 7 G T. (1.1) 

Here, V denotes the configuration space over M d , i.e., the space of all locally finite 
subsets of R d , and, for simplicity of notations, we just write x instead of {x}. The 
coefficient 0(7, x, y) describes the rate at which the particle x of the configuration 7 
jumps to y. 

Let fi denote a Gibbs measure on T which corresponds to an activity parameter 
z > and a potential of pair interaction <fi. In this paper, we will deal with an 
equilibrium Kawasaki dynamics which has /1 as invariant measure. More precisely, 
we will consider an equilibrium Kawasaki dynamics whose generator (II. ip has the 
coefficient 0(7, x, y) of the form 

c( 7 , x, y) = a(x - y) exp [(l/2)E(x, 7 \ x) - (l/2)E(y, 7 \ x)] . (1.2) 

Here, for any 7 G T and u G M d \ 7, E(u,j) denotes the relative energy of interaction 
between the particle at u and the configuration 7. About the function a(-) in (11.21) 
we assume that it is non-negative, bounded, has a compact support, and a(x) only 
depends on \x\. 

Equation (11.21) allows the following physical interpretation: particles from 7 which 
have a high relative energy of interaction with the rest of the configuration tend to 
jump to places where this relative energy will be low, i.e., particles tend to jump from 
high energy regions to low energy regions. 

Note also that the bilinear (Dirichlet) form corresponding to the generator (11.11) . 
(I1.2p admits the following representation: 

S(F,G) = ^ I n{di) I dx ! dya(x-y)exp[-(l/2)E(x, 1 )-(l/2)E(y, 1 )] 

x (F( 7 Uy)- F( 7 U x))(G(j Uy)- G( 7 U x)). 

Under very mild assumptions on the Gibbs measure /i, it was proved in [11] that 
there indeed exists a Markov process on T with cddldg paths whose generator is given by 
(II. ip . (11.21) . We assume that the initial distribution of this dynamics is /x, and perform 
a diffusive scaling of this dynamics. More precisely, for each e > 0, we consider the 
equilibrium Kawasaki dynamics whose jump rate is given by formula (ll.2p in which 
a(-) is replaced with the function 

o 6 (-):= e-fy./e), (1-3) 

and we additionally scale time, multiplying it by e -2 . We denote the generator of the 
obtained dynamics by H^ € \ 
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So, the aim of the paper is to show that the scaled dynamics converges, as e — > 0, to 
a diffusive dynamics on the configuration space T. Our main result is that, under weak 
assumptions on the pair potential (f> (in particular, we allow <fi to have a singularity at 
zero), the generator of the scaled dynamics, H^ e \ converges, on a set of smooth local 
functions, to the generator of the (infinite-dimensional) gradient stochastic dynamics 
(also called interacting Brownian particles), see e.g. [U HI El E21 EDI Ell E21 ESI Ell and 
the references therein. So, the limiting diffusive generator acts as follows: 



where the constant c is defined in the equation (I6.2p below. The corresponding stochas- 
tic process informally solves the following system of stochastic differential equations: 



where (-Bj)^ is a sequence of independent Brownian motions. 

If the set on which the generators converge is a core for the diffusive generator H^ dlf \ 
then our main result implies the weak convergence of finite-dimensional distributions 
of the corresponding equilibrium processes. In particular, if the potential <ft is from 
C^(IR d ) (hence, has no singularity at zero) and sufficiently quickly converges to zero 
at infinity, then we conclude the convergence of the process from a result by Choi et al. 



The paper is organized as follows. In Section [21 we recall some basic facts of analysis 
on the configuration space V. In Section [31 we recall conditions which guarantee the 
existence of a Gibbs measure on the configuration space. In Sections H] and [51 we recall 
construction of the equilibrium Kawasaki dynamics in continuum, and the gradient 
stochastic dynamics, respectively. In Section [(3, we formulate our main results. Finally, 
in Section [3, we present the proofs. 

2 i^-transform and correlation functions 

The configuration space over ~R d , d £ N, is defined as the set of all subsets of M. d which 
are locally finite: 



Here | ■ | denotes the cardinality of a set, 7a := jD A, and O c {R d ) denotes the set of all 
open, relatively compact subsets of M. d . One can identify any 7 e T with the positive 





N 



0- 



r := T Rd := { 7 C R d I |7a| < 00 for each A G O c (R d ) }. 
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Radon measure ^ xe7 £ic £ -M(R ), where e x is the Dirac measure with mass at x, and 
Ai(M. ) stands for the set of all positive Radon measures on the Borel cr-algebra B(R ). 
The space T can be endowed with the relative topology as a subset of the space M. (R d ) 
with the vague topology, i.e., the weakest topology on V with respect to which all maps 

are continuous. Here, Co(R d ) is the space of all continuous functions on M. d with 
compact support. We will denote by B(T) the Borel u-algebra on T. 
Next, denote by To the space of finite configurations in W d : 

oo 

ro^LJif), r( O) :={0}, r< n) : = { V C R d \ \ V \ = n}, neK 

n=0 

Evidently, T C T. 
Let 

(R<*)« = { . . . ,x n ) E (R d ) n | x t ^ Xj for i ± j }. 

Let S n be the group of all permutations of {1, . . . , n} which acts on (M d ) ra by permuting 
the coordinates. Through the natural bijection 

(R*f/s n < — ► r{f } (2.1) 

one defines a topology on Tq. The space r is then equipped with the topology of 
disjoint union. Let B(T ) denote the Borel cr-algebra on r . It can be shown (see e.g. 
[7]) that £>(r ) coincides with the trace cx-algebra of B(T) on r . Note also that each 
function k : To — > R may be identified with the sequence 

{k {n) )n=^ wh ere := k({0}) 
and, for each neN, k^ : (R d ) n — > R is a measurable, symmetric function. 

For any 7 6 V, let ^„ €7 denote the summation over all 77 C 7 such that 77 G To- 
For a function G : Tq — > R, the i^-transform of G is defined by 



for each 7 e T such that at least one of the series ^^<g 7 G + (rj), ^2 vmi G~(v) converges. 
Here G + := max{0, G} and G~ := max{0, — G}. 

Let us fix a probability measure \x on (r,£>(r)). The correlation measure of \i is 
defined by 



p,(A) := J(K X a)<h) Kdll A e B(T ), 



where xa denotes the indicator of the set A. The is a measure on (r ,S(r )) (see 
[8] for details, in particular, measurability issues). Note that p^({0}) = 1. 
The following proposition was proved in [8], see also [T3], [H] 
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Proposition 2.1 Let G E L 1 (T ,p IJ ), then KG E L l (T,p), the series in (j2.2p 
absolutely convergent for p-a.e. 7 G T, and 

\\KG\\»w < \\K\G\ = \\G\\ L i M . 

Moreover, then 

[ G(rj) p^drj) = [(KG) (7) p{ d i). (2.3) 

The Lebesgue-Poisson measure A on (r ,i3(r )) is denned by 

00 _ 

A :=e + Y -dx® n , 
nl 

n=l 

where dx® n is defined via the bijection ( 12. ip . Assume that the correlation measure 
is absolutely continuous with respect to the Lebesgue-Poisson measure A. Denote 
:= dp^/dX. Then the corresponding functions (k^)^ =Q are called the correlation 

functions of the measure p. 

In what follows, we will assume that satisfies the Ruelle bound, i.e., there exists 

a constant £ > such that 

k„(v) < t, lvl for all r, E T . (2.4) 
Using (12.41) . one, in particular, gets that all local moments of p are finite: 

J \j A \ n K d l) < °°> n G N, A G O c (R d ). (2.5) 

We will also use the following lemma. 

Lemma 2.1 Let f : R^ — > R be a measurable function which is bounded outside a set 
A E O c (R d ) and such that e f - 1 G L 1 (M d , dx). Let also g, g u g 2 : R d -> R be such that 
efg, efgi, e^g 2 E L 1 (M d ,dx). Define functions G lt G 2 , G 3 on T by 

Gi = {(e f - lfX-o' 
G 2 = (n(ef - I)*"-*) (efg))Z , 
G 3 = (n(n - l)(e' - l)^" 2 ) © (e^) (e^ 2 ))~ Q , 
where denotes symmetric tensor product. Then, Gi,G 2 ,G 3 E L 1 (T ,p fM ) and 

(KG 1 )( 1 ) = e^\ 
{KG 2 )( 1 ) = e^(g, 1 ), 

(KG 2 )(j) = E 9i(xi)92(x 2 ), (2.6) 

xi€7 £267, ^2^1 

/or p-a.e. 7 G T, and so KGi, KG 2 , KG 3 E L 1 ^, p). 
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Proof. Using the Ruelle bound, we clearly have that Gi,G 2 ,G 3 G L 1 (r ,p M ). Hence, 
by Proposition [2H we get KG U KG 2 ,KG 3 G L^/i). 

Since / is bounded on A c and e-^-lG L 1 (M d , dx), we have / G -^ 1 (A C , dx). There- 
fore, again using the Ruelle bound, we get: (|/|,7a c ) G L 1 (r, y u). Hence, (|/|,7) < oo 
for /i-a.e. 7 G V. Furthermore, we have g,gi,g 2 G L 1 (A c ,dx), and so the functions 
(\g\,j) and J2xieyT,x 2 e % x 2 ^xi \9i(x 1 )g 2 (x 2 )\ are finite for /i-a.e. 7 G T. Thus the 
functions on the right hand side of formulas (12. 6p are well-defined and finite for /i-a.e. 

7 g r. 

Next, assume that /, g, gi, g 2 have compact support. Then, equalities (12.61) follow 
by a straightforward calculation. The general case follows by approximation. □ 
We introduce a ^-convolution of two functions on r , so that 

{K{Gi*G 2 )){<y) = (KG 1 )( 7 )(^G 2 )( 7 ) 
(cf. [5]). Then, we have: 

(G 1 *G 2 )(ti)= Yl G 1 ( Vl Ur j2 )G 2 (r j2 U V3 ), (2.7) 

where Vz{rj) is the set of all ordered partitions of 7] into three parts. 
For each A C M d , we denote 

T A := {7 G T : 7 C A}. 
A measurable function F : T — ► R is called local if there exists A G O c (W d ) such that 

F( 7 ) = F( 7A ) for all 7 G T. 
For such a function F, the pre-image of F under K is given by 

(K' l F)( V ) = X T A (V) (2-8) 

see e.g. jS]- 

We will also need the space T := T R d which consists of all multiple configurations 
in M. d . So, T is the set of all Radon Z + U {oo}-valued measures on M. d . In particular, 
T C T. Analogously to the case of T, we define the vague topology on T and the 
corresponding Borel cr-algebra B(T). For each A C M d , we denote 

f A := {7 G f : supp( 7 ) C A}. 

Also, by analogy, we will say that a measurable function F : T — ► R is local if there 
exists A G O c (R d ) such that 

F( 7 ) = F( 7A ) for all 7 G f, (2.9) 
where 7a(^) := Xa(^)7(^)- 
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3 Gibbs measures on configuration spaces 

A pair potential (without hard core) is a Borel measurable function 0: M. d — > RU{+oo} 
such that <j){—x) = <f>(x) G R for all x G R d \ {0}. For 7 G T and x G R d \ 7, we define 
the relative energy of interaction between a particle at x and the configuration 7 as 
follows: 

{^0(ac-y), if ^2\(f)(x-y)\ < +00, 
ye-y y&i (3.1) 

+ 00, otherwise. 

A probability measure \l on (r,£>(r)) is called a (grand canonical) Gibbs measure 
corresponding to the pair potential and activity z > if it satisfies the Georgii- 
Nguyen-Zessin identity [19, Theorem 2]: 



r 



fi(dj) / ~/(dx)F(j,x) 



/ fi(dj) / zcte exp [-E(x,j)] F(7 U x,x) (3.2) 



for any measurable function F : T x R d — > [0, +00]. We denote the set of all such 
measures /x by Q(z, <fi). 

Note that, by virtue of (13.11) and by applying (13. 2p twice, we get, for any measurable 
function U : T X (R d ) 2 -> [0, +00], 

/ //((fry) 2 ^(7,^1,^2)= / M<^7) / -2^1 / -2^2 

x expf-i^xi^) - E(x 2 , r y) - <j)(xi - x 2 )]t/(7 U Xi U x 2 ,Xi,x 2 ). (3.3) 



Let us now describe the class of Gibbs measures of Ruelle type [22]. We will first 
formulate conditions on the interaction. 

For every r = (r 1 , . . . , r d ) G Z d , we define the cube 

Q r := jac G R d I r* - ^ < < r 4 + ^ | . (3.4) 

These cubes form a partition of R d . For any 7 G T, we set 

7 r :=7Q„ reZ d . (3.5) 
(SS) (Superstability) There exist A > and £> > such that, for each 7 G r , 

£ <j ) {x-y)>Y,(Mlr\ 2 -B\ lr \). 

{x,y}C~t rgZ d 

Notice that the superstability condition automatically implies that the potential <ft 
is semi-bounded from below. 
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(LR) (Lower regularity) There exists a decreasing positive function a: N — > such 
that 

^a(||r||) <oo 

and for any A', A" which are finite unions of cubes Q r and disjoint, with 7' G Ta', 

7" er A », 

£ 0(x -y)>- <\V'-r"\\)\iA\<»\- 

x€Y,yeY' r',r"eZ d 

Here, || • || denotes the maximum norm on M. d . 
(I) (Integrability) We have 

\e-^ x) - l\dx < +00. 



For G N, let Atv be the cube with side length 2N — 1 centered at the origin in 
M. d , Ajv is then a union of (2A" — l) d unit cubes of the form Q r . 

A probability measure \i on (T,B(T)) is called tempered if /i is supported by 
Soo—lXLi s n, where 

S" n := < 7 g r 1 vat g n hA 2 <n 2 \A N nz d 



rgAjvi 

By G t {z, 4>) C Q(z, 4>) we denote the set of all tempered grand canonical Gibbs measures. 

Theorem 3.1 (|25j) Let (SS), (I), and (LR) hold. Then the set Q t (z,<f)) is non-empty 
for each z > 0. Furthermore, each \i G Q t (z,<p) has correlation functions which satisfy 
the following bound: there exists £, ip > such that 



kfiiv) < £ |r?l ex P 



for all 77 G T . (3.6) 



Note that the estimate (13. 6p is evidently stronger than the Ruelle bound (12.41) . 
In what follows, we will keep a Gibbs measure \i G G t {z, <p) as in Theorem 13. II fixed, 
and we will additionally assume that there exists G O c (M. d ) such that 

sup (f>(x) < 00. (3.7) 

xGQ c 

Since is bounded from below, (I) is now equivalent to the condition G L 1 (@ c , dx). 
Furthermore, by [TOl Lemma 3.1], the relative energy E(x, r y) is finite for dx <S) /i-a.e. 
(x, 7) G M d x T, as well as E(x, 7 \ x) is finite for /i-a.e. 7 G T and for all x G 7. 
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4 Kawasaki dynamics 

We introduce the set jFCb(Co(IR d ), T) of all functions of the form 

r 3 7 ^ F(i) = g((<fi, 7), • • • , (<Pn, 7)), 

where N e N, tp^ . . . ,(p N e C (R d ), and 5- G C h (R N ), where C^R*) denotes the set 
of all continuous bounded functions on M. N . For each function F : V — > R, 7 G T, and 
x, y G R d , we denote 

(£T + F)( 7 ) :=F(7\xUy)-F( 7 ). 

We fix any a : R d — > [0, 00) which is bounded and such that a G L l (M. d ,dx) and 
a(— x) = a(x) for all x G R d . We define a bilinear form 

£(F,G):=- / //(d7) / 7(dz) / dya(x-y) 

x exp[(l/2)£(z,7\s) - (1/2)^(^,7 \x)]( J D-+F)( 7 )( J D-+G)( 7 ), 

where F, G G jFCb(C (R d ), T). 

The following theorem was proved in [TT] . 

Theorem 4.1 (i) T/ie bilinear form (£, jFCb(Co(M d ), T)) zs closable on L 2 (T,fi) and 
its closure will be denoted by (£,D(£)). 

(ii) There exists a conservative Hunt process 

M = (n, F, (F t ) t >„, (0 t ) t > o , (X(t)) t >o, (P 7 ) 7 er) 

on T (see e.g. [T5], p. 92]) which is properly associated with (£,D(£)), i.e., for all 
(fi-versions of) F G L 2 (r,/i) and all t > the function 

T 97^(^(7) := / F(X(*))dP 7 

zs an £ -quasi- continuous version o/exp [— t-ff] F, where (H,D(H)) is the generator of 
(£,D(£)). In particular, M /ias /1 as invariant measure. M is to /i- equivalence 
unique (cf. [T51 Chap. IV, Sect. 6]). 

(iii) We /iaue jFCb(C (M d ), T) C and for any F G :FC b (C (R d ), T), 

(HF)(i) = - [ j{dx) [ dya(x-y) 

JR d JR d 

x e W [{l/2)E(x, 7 \ x) - (l/2)E{y, 7 \ z)](Lr+F)( 7 ). (4.1) 

We will call the process M from Theorem 14. II the Kawasaki dynamics (of continuous 
particles). 
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Remark 4.1 In Theorem 14.11 (ii), M can be taken canonical, i.e., f2 is the set 
D([Q, +00) , T) of all cddldg functions u : [0, +00) — > T (i.e., u> is right continuous 
on [0, +00) and has left limits on (0, +00)), X(t)(cj) = u(t), t > 0, uj G Q, (F t ) t > 
together with F is the correponding minimum completed admissible family (cf. [5l 
Section 4.1]) and ® t , t > 0, are the corresponding natural time shifts. 

5 Gradient stochastic dynamics 

We denote by T) the set of all local functions F on T which satisfy the following 
assumptions: 

(i) For each fixed 7 G T, the function 

R d 3 x ^ F{^ + e x ) 
is twice continuously different iable. 

(ii) Let A be the minimal subset of M. d which is a finite union of Q r cubes, and such 

that (12.91) holds for this set A. Then there exist £ > 0, r > 0, o > 0, and 
< p < 1 (depending on F) such that, for each 7 G T\ and each x G A, 

|F(7)|V||V X F(7 + £,)I|V||V2F(7 + ^)|| <C l7l exp 

Note that D, in particular, includes all local functions on T which satisfy (i) and 
for which the left hand side of (15. ip is bounded, as a function of 7 G T and x G M. d . 
We also introduce the set JFC^C^IR^), T) of all functions of the form 

r 3 7 ^(7) = g((<pi, 7), • • • , (<pn, 7)), 

where N G N, ^1, . . . , (f N G C 2 (M d ), and ^ G C^M^). Here and below, C*(R d ) and 
C£(K N ), 6 N, denote the space of all times continuously differentiable functions 
on M. d with compact support, respectively the space of all bounded, k times continu- 
ously differentiable functions on M. N with bounded derivatives. We evidently have the 
inclusion 

^(C 2 (I rf ),f)cD, 

and therefore the set D is dense in L 2 (T,fi). (We have included functions from D into 
L 2 (r,/i) by taking their restriction to T.) 
In what follows, we will use the following 



(5.1) 
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Lemma 5.1 Let A C M. d be a finite union of Q r cubes and let ( > 0, r > 0, o > 0, 
and < p < 1 . Define 



U(i) := C |7a| exp 



T 



rGZ d nA 



7 g r. 



Then, for each r\ G r , 

\(K^ 1 U)(r])\ < xr A ( 7 ?)(2C)' r? ' ex P 



T 



rS2 



Proof. The lemma follows from (12.81) if we take into account that the sum in (I2.8P has 
exactly 2^' terms. □ 

We fix any c > and define a bilinear form 

£^ l \F,G):= C - / »{d<y) f zdx(V x F( 1 + £ x ),V x G(l + ^))^p[-E(x,j)], (5.2) 

where F,G E ®, and we denoted by (•, •) the scalar product in R d . Using the Cauchy- 
Schawrz inequality, Theorem 13. 11 (15. ip . and Lemma I5TT1 the integral on the right hand 
side of (15.21) is well defined and finite. 

For a function F : T — > R, a fixed 7 G T and x G 7, we denote 



V X F( 7 ) :=V y F( 7 -£,, + £„) 



(5.3) 



provided the gradient on the right hand side of (15.31) exists at point x. Then, by (13.21) . 
we also have 



£ (dif) (F,G) 



//(d 7 ) / -y(dx){V x F^),V x G^)), 



(5.4) 



for F,G G D. 

The following theorem follows from [fl [16], [21] , see also [20l [27] . 

Theorem 5.1 Assume that (ft is differentiable onf rf \{0}, e~^ is differentiable on~R d , 
and we have 



|| V0|| G ^(R* e~^ x) dx) n L 2 (M d , e"^ cfo). 



Then: 



^i) 27ie bilinear form (£^ dli \D) is closable on L 2 (T,fj>) and its closure will be denoted 
by (£( dif ) ;J D(£( dif ))). 
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(ii) Denote by (H^ dii \ D(H^)) the generator of (£^ dii \ D(£^)) . Then 
D C D(H^) and for each F <E Q, 



(5.5) 



(tf (dif) F)( 7 ) = f/ d j(dx) ( - A X F( 7 ) + J2 (V,F(7), V0(x - u)>) 

Here, A x F(j) := A U F( 7 \ x U w)^. 

(iii) There exists a conservative diffusion process 

M( dif) = (o (di f)) F (dif ); (F (di f) )t ^ (e (di f)) ^ 0) (x (dif) (t)) ^ 0; ( pwy 

on T (see e.g. [151 P- 92]) which is properly associated with (£^ dlf \ D(£^ dl ^)) . In 
particular, M^ dlf ^ has /i as invariant measure. The M( dif ) is up to /i- equivalence 
unique. 

(iv) In the case d > 2, the set T\T is £( dlf ) -exceptional, so that T may be replaced with 

T in (iii). 

Remark 5.1 Note that, even when d = 1, the finite-dimensional distributions of the 
process M^ dlf ^ are concentrated on the Cartesian powers of the space T. 

Remark 5.2 Note that the initial domain D of the bilinear form £( dlf ) is bigger than 
the domains of the corresponding bilinear forms in [TJ [161 l2H 127]. It is, generally 
speaking, an open problem whether all these forms coincide after being closed (compare 
with Remark 4.14 in [IS])- Note also that, even in the case of a bilinear form £( dlf ) 
with a smaller domain, the convergence result of Theorem 16.11 below will still be true, 
however for a smaller set of functions F. 



6 Main results 

Let us consider the Kawasaki dynamics M from Theorem 14.11 We will assume that 
a(x) = a(\x\) for all x G M. d , where a : [0, oo) — > [0, oo). We now perform the following 
scaling of this dynamics. For each e > 0, instead of the function a, we use the function 
a e given by (11.31) . In the obtained dynamics, we also scale time, multiplying it by e~ 2 . 
Thus, we obtain a Kawasaki dynamics M^, which is exactly the Hunt process from 
Theorem 14.11 corresponding to the function e~ 2 a e . We denote by (H^ € \D(H^)) the 
generator of this dynamics. Completely analogously to the proof of [91 Lemma 4.1], we 
conclude that, for each e > 0, D C D(H^) and, for each F G D, 

(H^F)( 1 ) = -e- d - 2 [ 7 (dx) / dya((x-y)/e) 

x exp[(l/2)£(x, 7 \x) - (l/2)E(y, 7 \ x)](£r+F)( 7 ). (6.1) 
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Theorem 6.1 Let the conditions of Theorem 15.11 be satisfied. Furthermore, assume 
that the following conditions are satisfied: 

a) The function a has compact support. 

b) We have e~^ 2 G C^(M d ). 

c) For each 5 > 0, set 

g s (x):= sup e-^y 2 \\V4>(y)\\, xeR d . 

yeB(x;6) 

Here, B(x; 5) denotes the closed ball in ~R d centered at x and of radius 5. Then, 
then there exists 5 > such that g$ G L 1 (W d , dx). 

d) There exists A G O c (R d ) such that 

e-^ /2 ||V0|| G L\A,dx) 
and the function e~^ 2 ||V0|| is bounded on A c . 
Let 

c:= I a(x){x 1 ) 2 dx (6.2) 

and let (H^ dlf \ D(H( dl ^)) correspond to the above choice of the constant c (see (15. 5ft ). 
Then, for each FeD, we have: 

H {e) F H {di{) F in L 2 (r, /j,) as e -> 0. (6.3) 

Remark 6.1 Note that condition a) heuristically means that, in the initial Kawasaki 
dynamics, there is a finite maximal length of jumps of particles. Notice also that condi- 
tion c) of Theorem 16. II is slightly stronger than the condition e ] | V0|| G L 1 (M d , dx). 

Next, we take the canonical realizations of the processes e > 0, and M( dif ) 

and define stochastic processes = (Y^)t> and Y^ dlf ) = (Yj dl ^) t > whose law is 
the probability measure on D([0, +oo), V), respectively C([0, +oo), T) (replace T with 
F if d — 1), given by 

QW := jfp«M<*7), 

respectively 

Q (dif) :=^Pf f V(^7). 
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Corollary 6.1 Assume that the conditions of Theorem ^. II are satisfied. Assume addi- 
tionally that D is a core for (H^ dli \ D(H^ dl ^)). Then, as e — > 0, the finite- dimensional 
distributions of the process weakly converge to the finite- dimensional distributions 
of the process M^ dlf ^ with c given by f 1 6 . 2 [) . 

Following [2J, we will now introduce additional conditions on the potential <j). 
Let a : [0, oo) — > K. be any monotonic, increasing, and concave function such that: 

(i) ct(0) > 1 and ct(A) — > oo as A — > oo. 

(ii) a'(X) < [1/(1 + A)]a;(A) for A > 0, and there exists a constant c > such that 

«"(A) > -c[l/(l + A)]. 

For example, let /(A) := log(l + A), A > 0. Then, for any n G N, the function 
ct(A) := 1 + I o_^jil(X) satisfies the above conditions. 

n times 

So, in what follows we will assume: 

(A) We have G C^(IR d ), and there exist a constant Cq and a function a that satisfies 
the conditions (i) and (ii) above, such that, for all x G R d , 

\\V<j)(x)\\ + ||V 2 0(^)ll + l|V 3 0(a;)|| < exp[-c log(l + |a;| 2 )a(l + |x| 2 )]. 

It was proved in [2] that, under condition (A), the set D is a core for the operator 
(#( dif ), D(H^)). (In fact, Choi et al. \2\ found a core for the operator (H^ dii \ D(H^)) 
which is, as can be easily checked, a subset of 2D.) Furthermore, under condition (A), 
the potential <fi clearly satisfies assumptions of Theorem 16. 1[ Thus, we get from Corol- 
lary EID 

Corollary 6.2 Assume that the function a has compact support, and assume that con- 
dition (A) is satisfied. Then, as e — > 0, the finite- dimensional distributions of the pro- 
cess weakly converge to the finite- dimensional distributions of the process M^ dlf ^ 
with c given by (\6.2\i . 

Remark 6.2 Let us briefly explain a generalization of Theorem 16. 1[ Let us fix a 
parameter s G [0, 1]. (Note that the results of this paper will correspond to the choice 
of parameter s = 1/2.) By [IT], there exists a conservative Hunt process on T (a 
Kawasaki dynamics) whose L 2 (T, /i)-generator (H s , D(H S )) is the Friedrichs extension 
of the operator (H S ,D) given by 

{H s F){ 1 ) = -f j{dx) I dya(x-y) 
Jm d Jm. d 

x exp[(l - s)E(x, j\x)- sE(y, 7 \ ar)](Z>-+F)( 7 ), F G £> 
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(in the case s < 1/2, the potential <fi must satisfy an additional assumption which 
reduces the "strength of singularity" at zero). 

Next, for each c > 0, it can be shown that, under some conditions on <p which 
are analogous to the conditions of Theorem 15.11 there exists a conservative diffusion 



Note that, in the case s = 0, such a diffusive dynamics has been considered in [10J. 
Then, under the same scaling of the Kawasaki dynamics 



and with the same choice of the constant c, (16.21) . we get the convergence of the gen- 
erators on D. More precisely, under an appropriate modification of the conditions 
Theorem 16.11 we get for each F E D : 



(we have used the obvious notation Ha). 

As for weak convergence of finite-dimensional distributions of the corresponding 
equilibrium processes, it will follow from (16. 4p if D is a core for (tfi dif) ,D(tfi dif) )). 
However, in the case s ^ 1/2, no result has yet been proved about a core for this 
generator. 

7 Proofs 

Proof of Theorem \Q ,1[ Denote the support of the function a by A. By a), the set A is 
bounded and hence r := sup heA \ h\ < oo. Recall 5 from condition c) of the theorem. 
In what follows, we will assume that e G (0, S/r). Then 




a(-) >-> e- d ~ 2 a{-/e) 



in L 2 (r, ji) as e — > 



(6.4) 



eh\ < 5 for all h G A. 



(7.1) 



Fix any F ED. By flBTTD . 
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x exp[(l/2)E(x,j\x) - (l/2)E(x + eh,j\x)](F(j\xU (x + eh)) - F(j)). 
Using (13.21) and (I3.3p . we have: 

J^Ff^)^) 

= e -4 / /i(d 7 ) I zdx I dhx I dh 2 a(hi)a(h 2 )(F(<yU (x + ehi)) - F(jUx)) 

Jr JR d J A J A 

x (F( 7 U (x + eh 2 )) - F( 7 U x)) 



x exp 



^(-(l/2)0(x + eht - u) - (l/2)0(s + eh 2 - u)) 



+ e * / i^(d'j) / zdxi / z<ir 2 / <i/ii / dh 2 a(h\)a(h 2 ) 
'r «/R d «/R d J A Ja 

x (F( 7 U (xi + e/ii) U x 2 ) - F( 7 U xi U x 2 )) 
x (F( 7 U x x U (x 2 + e/i 2 )) - F( 7 U x x U x 2 )) 



x exp 



- (1/2)0(2! + e/ii - x 2 ) - (l/2)0(x 2 + eh 2 - 



+ ^(-(l/2)^(xi -u)- (l/2)0(x 2 - u) - (l/2)0(x! + e/n - u) 



u£7 



-(l/2)0(x 2 + e/i2-«)) 



(7.2) 



Here and below, our calculations are justified by the assumptions of the theorem, 
the definition of 2D, Lemma l2~7Ll (12. 7p . (13.61) . and Lemma [57T1 Hence, by (17.21) and 
Lemma [2. 1} we get: 



(H^F) 2 ^)^) 

zdx dhi I dh 2 a(hi)a(h 2 ) / /z(<i 7 )(F( 7 U (x + thi)) — F( 7 U x)) 
J a J a Jr 

x (F( 7 U (x + eh 2 )) - F( 7 U x)) 

X K ^ e -(V2)*(«+efci-)-(V2)0(*+efca-) _ -g®«^oc \ ^ 

+ e~ 4 / zcfei / z<ix 2 / (i/ii / dh 2 a(hi)a(h 2 ) 



jR d JR d JA JA 

x exp [ - (l/2)0(xi + ehi - x 2 ) - (l/2)(p(x 2 + eh 2 - x x 
x J ft(dj){F(j U (xx + e/ii) U x 2 ) - F( 7 Ux^ x 2 )) 
x (F( 7 U xx U (x 2 + e/i 2 )) - F( 7 UxiU x 2 )) 
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X K ^( e -(V2)0(^i--)-(l/2)0(^--)~(l/2)^l+^i--)-(l/2)^2+^2--) _ ^SW^oo \ 

(7.3) 

For each 7 e T and x,h £ M. d , denote by 2/1(7, x, /i) a point in the segment [x, x + h] 
such that 

F( 7 U (x + /»)) - F( 7 U x) = (V,F( 7 U x), /») + i(V^( 7 U y), OU l(7 , aj/l) - (7-4) 

Also, for each x, h G M d , we denote by 2/2(2:, /i) a point in the segment [x, x + h] such 
that 

e -(i/2M*+/») = e -(V2)^) + e -(i/2Ww(^))(_(i/2)V0(y 2 (a:,/i)),/i). (7.5) 

Note that the existence of 2/1(7, x, /i) and 2/ 2 (x, /i) follows from the definition of the D 
and assumption b) of the theorem, respectively. Note also that, by (17. ip . 

e -WWv*(*,*))\\v4(y 2 ( X}eh ))\\ < gs ( x ) t x eR d , he A. 
Now, by (Q, £□}, and ff73|l . we have: 

(^)F) 2 ( 7 )Md7) 

zdx dh\ I dh 2 a{hi)a{h 2 ) \ l^(dj) {e~ 2 F_l (7, x, hi, h 2 ) 
J a J a Jr 

+ e- 1 F!\ ) ( 7 , x, hi, h 2 , e) + F (1) ( 7 , x, hi, h 2 , e)) (i^G (1) (■, 2, /i 2> e))( 7 ) 
+ / zdxi I zdx 2 / dhi / dh 2 a(hi)a(h 2 ) 

J«. d JlS. d J A J A 

x (e-*^ 1 - 2 -' 2 ) +e«i(xi,x 2 ,/ii,/i2,e) + e 2 u 2 (xi, x 2 , hi, h 2 , e)) 

x y /i(c/7)(e _2 Fl 2 2 ) (7,Xi,x 2 ,/ii,/i 2 ) + e _1 Fl 2 1 ) (7,Xi,x 2 ,/ii,/i 2 ,e) 

+ F (2) ( 7 , xi,x 2 , hi, h 2 , e)) (KG^(-, x 1; x 2 , /i 2 , e))( 7 ). (7.6) 

Here, 

Ul (x ls x 2 , hi, h 2 , e) := e -(V2)*(*i-*) ^-(V^teOn-^)) (_(i/ 2 )V</»(y 2 (x 1 - x 2 , e/^)), /i x > 

+ ^(1/2)^(^(^-^,6^)) (_(i/ 2 ) V0(2/ 2 (x 2 - x 1; e/i 2 )), fr 2 » , 
u 2 (xi,x 2 , hi, h 2 , e) := e-( 1 /2)*(«a(* 1 -*a,efci)) e -(i/2)0(w(x 3 -xi, 6 h 9 )) 

x (-(l/2)V0(2/ 2 (xi - x 2 , e/n)), /n) (-(l/2)V0(2/ 2 (x 2 - x x , e/i 2 )), /i 2 >, (7.7) 

and 

F^(j,x,hi,h 2 ) := (V x F( 1 Ux),hi)(V x F( 1 Ux),h 2 ), 
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F«(7, ^1, fc, c) := (V,F( 7 U x), ^}(1/2)(V^( 7 U y), hf) 



+ (V,F( 7 U x), /i 2 )(l/2)(V 2 F( 7 U y), /if 2 ) 
F (1) ( 7 , x, fci, h 2 , e) = (1/4)(VJF( 7 U y), <) 



y=yi{i,x,th 1 )' 1 



V v ' y/ ' 1 ' I y=j/i(7,x,efti) 

x^Uy),/^^ (7.8) 

and 

Fl?(7, ad, x 2 , h u h 2 ) := (V xl F{j U^U x 2 ), /i 1 )(V X2 F( 7 U^U x 2 ), /i 2 ), 

Fl 2 1 ) (7,xi,x 2 ,/ii,/i2,e) 

:= (V, 1 F( 7 U x x U x 2 ), ^)(1/2)(V^(7 Ux,U y), hf) \ y=m{wM 

+ (V, 2 F( 7 U Xl U x 2 ), / i2 )(l/2)(VjF( 7 U y U x 2 ), \ y=m(lUx2 , Xu£hl y 

Ff^xMM := (l/4)(V 2 F( 7 UyUx 2 Uf >| y=yi(7U:C2iSiie , i) 

X^^U^Uy),^ 2 )!^^^^, (7.9) 

and 

:= (( e -*(«-) - 1 + e ^)(., x , ^, /ka, e) + e 2 ^-, x, /» x , /> 2 , e)f")~ o> 
G^O.xi^a./ix./^.e) := (( e -*(*i-0-*(«*-) _ i 

+ eg? } (", ari, ^2, /i2, e) + e 2 g ( 2 2) (-, x t ,x 2 , h x , h 2 , e))® n )™ =Q , 

where 

g ( i\; x, hi, h 2 , e) := e -(W(*-) ( e -(i/2)^ 2 (,-,^)) ( _ (1/2 ) V 0(y 2 (x - •, e/ii)), /n) 
+ e -( W fe(,-. A )) ( _ (1/2)wfe(x _. e/l2))j|l2) ) ) 

^(■, x, h lf fc, e) := e-( 1 / 2 )^^-^))(-(l/2)V0(y 2 (x - ■, eh)), hi) 

x e-( 1 / 2 ^ 2 ^-^»(-(l/2)V0(y 2 (x - -,eh 2 )),h 2 ), 
gf\-, xi,x 2 , h x , h 2 , e) := e -im**i-)-*te-) e -{m*W*i~^)) 

x (-(l/2)V0(y 2 (^ 1 --,e/ il )),/ il ) 

+ e -^i-)-(i/2)^2-) e -(i/2)^2(x2-,eM)(_( 1 / 2 )V(/)(y 2 (x 2 --,eh 2 )),h 2 ), 
gf\; xi,x 2 , hi, h 2 , e) := e -(i/2)^ 1 -O-(i/2)^ 2 -O e -(i/2)0fe(. 1 -,^ 1 )) e --(i/2)^ 2 (x 2 --,^)) 
x (-(l/2)V0(y 2 (x! - eh)), h) (-(l/2)V0(y 2 (x 2 - ■, efc 2 )), fc 2 >. (7.10) 

Since F is a local function, so are Fj , i = 1,2, j = —2, —1, 0, as functions of 7 G I\ 
Then, by (17. 6p . we get 

(F^F) 2 ( 7 ) ^7) 



= / zdx dh\ I dh 2 a{h\)a(h 2 ) 
jR d J a J a 

x f p^(dr 1 ){K- 1 (e- 2 F^(;x,h 1 ,h 2 ) + e- 1 F^(.,x,h 1 ,h 2 ,e) 
+ F (1) (-, x, h u h 2 , e)) * x, h u h 2 , e)) (77) 

+ / zdxi / 2(li2 / rf^i / dh 2 a(h\)a(h 2 ) 

JR d JR d J A J A 

x (e-^i-^) + eUl ( Xl) X2? / l2) e ) + e 2 M 2 (a:i, x 2 , /ii, fo 2 , e)) 

x / p M (^)(ir _1 (e _2 Fl 2 2 ) (-,a;i,a;2,/ii,/?.2) + e _1 Fl 2) (-, xi, x 2 , /ii, h 2 , e) 

+ F (2) (-,x 1 ,x 2 ,/ il ,/i 2 ,e))^G (2) (-,x 1 ,a; 2 ,/ il ,/ i2 ,e))(r ? ). (7.11) 
Collecting the coefficients by powers of e, we get: 

^(^)F) 2 ( 7 )/i(rf 7 ) = c_ 2 (e)e- 2 + c_ 1 (e)e- 1 + c (e) + ci(e)e, (7.12) 



where 

c -2(e) 



c-i(e) 



z dx J dhi J dh 2 a{hi)a{h 2 ) J p^{dr]) 
+ I zdx! f zdx 2 [ dh x [ dh 2 e-^ Xl ~ x ^ 

JR d JR d J A J A 

[ ^(X^^ 

zdx dhi / dh 2 a(hi)a(h 2 ) / Pn{drj) [K~ 1 F < ^l{-,x,hi,h 2 ) 



x 



x 



+ (K-iFW(.,x, hl ,h 2 ,e)*((e-^ - lfTJiv) 



(X1-X2) 



+ / zdxi I zdx 2 I dhi \ dh 2 a(hi)a(h 2 ) 

JR d JR d J A J A 

x / p M (^)(^- 1 Fi 2 1 ) (.,x 1 ,x 2 ,/ il ,/ i2 ,e)*((e-^--)-^--) - lfX- )W 

+ u 1 (x 1 ,x 2 ,h 1 ,h 2 ,e) / p tI (di])(K~ 1 F < ? 2 \-,x 1 ,x 2 ,h 1 ,h 2 ) 
★ ((e-^i-)-^-).!)®")^)^) 



</r 
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Co(e) 



'A 

(K~ l F^(-,x,h u h 2 ) 
(n(n-l)(l/2)(e-«-> - if ( "~ 2) (g?\; x, h u h 2 , e)) ( 



z dx I dhi J dh 2 a(hi)a(h 2 ) / Pn{drf) 

JTo 



+ n{t 



(»-) 



lf^W^^A^O^) 



+ (K- 1 Fi 1 1 ) (-,x,/i 1 ,/i 2 ,e) 



(*-) 



+ (jr- 1 F «(.,x,/i 1) /i a) c)*(( c -*<-) - if X )(^)_ 

-0(a:i— a!2) 



+ / zcfei / z dx 2 / G?/ii / dh 2 a(hi)a(h 2 ) 
JR d Js. d J a 

x / p f ,(dr])(K' 1 F^\-,Xi,x 2 ,h 1 ,h 2 ,e) 



+ e 



-(^(asi— 0:2) 



/ p^{dr]){K 1 F^(-,x 1 ,x 2 ,h 1 ,h 2 ,e) 

Jr 



+ e 



(„( c -*(«-)-««-) _ if ^ ^)(, Xl , X2) / ll ,/ l2 , e) )- o )( 77 ) 
/" p /j (^)(^-iFl 2 2 ) (-,x 1 ,x 2 ,/i 1 ,/i 2 ) 

* (n(n- l)(l/2)(e-^-)-*(-»-) - if {n ~ 2) (<?f >(., z 1; x 2 , h 1: h 2: e)) 
+ „( e -«.i-W(-a-0 _ if ^ ^)(, Xl , X2 , fc, fc, e)):_ )) (^) 

+ ^A,* 1 ,e)/^)rt > , llS , fcl> * i , £ ) 
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r 



* (( e -*(*i-)-*(* 2 -) -lf n )~ o )(rj) 

+ ui(x 1 ,x 2 ,h 1 ,h 2 ,e) / p fl (dr])(K~ 1 F^ 2 \-,x 1 ,x 2 ,hi,h 2 ) 

J T 

* (n( e -^->-**-> - if M (, x l5 * 2 , fc, fc, e)):j (ri) 
+ u 2 (xi,x 2 ,hi,h 2 ,e) / p fl (dr])(K~ 1 F^ 2 \-,x 1 ,x 2 ,hi,h 2 ) 



(7.13) 



and ci(e) is denned so that equality (17.121) holds, i.e., by subtracting from the right 
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hand side of (17. lip the expression c_ 2 (e)e~ 2 + c -i( e ) e 1 + c o( e ), given through (17.131) . 
and dividing by e. 
We evidently have: 



/ a{h)h i dh = 0, ie{l,...,d}, (7.14) 

JR d 



and therefore 

c- 2 (e) = c_i(e) = 0. 

Furthermore, as easily seen ai(e) = 0(e) as e — > 0. 

Below, we denote 0£(x) := (d/dx l )(f>(x) and 0-'(aO := {d 2 / d{x l ) 2 )(j)(x) . So, usin£ 
(I7.14p . the equalities 

/ a(h)h l h j dh = 0, z, j G {1, . . . , d}, i ^ j, 

JR d 

/ a(/i)(/i*) 2 dh = c, ie{l,...,d}, 
and the dominated convergence theorem, we get 
W^ a ( 7 )Ai( 

^dx / p^cfy) (^- 1 (9/9x i )i 71 (-Ux)(9/9x J ')F(- Ui) 



lim / (H [e) F) 2 (>y) p(dj) = limc (e 

e-»0 Jp e— 



c 2 



i,i=l,...,d L ' 

*(n(n-l)(e-^™)-l) 8(n - 2) 

( e -^-)(_i/2)0;(a; - ■)) © (e-rt*">(-l/2)$(a; - ■)) 

+ n(e-«-) - if M {e-**-H-l/2)ti(x ' 0(-l/2)#(* ~ O))^) 
+ (K-\d/dj)F(- U x)(<9 2 /(,9x J ) 2 )F(- U x) 

* („( C -«-> - if M (e-^-)(-l/2)^(x- O))^)^) 

+ (K-\l/A){d 2 /{dx l ) 2 )F{. Ux)(d 2 /(dxn 2 )F(- Ux) * (( e -«*-~> - lfXo) fo) 

+ / 2ttei / zdx 2 (e-^-^ [ p^drj) 
R d JR d \ Jr 

(K- l {l/A){d 2 /{dx[) 2 )F{- UiiU x 2 ){d 2 /{dx{) 2 )F{- U^U x 2 ) 

*(( e -^l-)-^2-)_l)^)- o )( ?7 ) 

+ (K- 1 (9/9xi)i r (- U X! U x 2 )(<97(cV 2 ) 2 )F(- U X! U x 2 ) 

* ( n ( e -^-)-^-) _ i)®^" 1 ) ( e -*(*i-)-^-)(_i/2)^( a;i - •)))r =0 )(^) 
+ (^ 1 (a/ax 1 )i ? (- U xi U x 2 )(<9/cV 2 )F(- U xi U x 2 ) 
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* (n(n - i)( e -*(*i-)-^ a -) _ 

© (e-^' 1 -)-^ 2 -)(-l/2)^(x 1 - ■)) © {e-^ xl ~^ X2 -\-l/2) ( f> , j {x 2 - ■)) 
+ n^-^C*!-)-^-) _ 

© (e-^ 1 -)-^-) (-1/2)^ - -)#(a* - -)))r =0 )(^ 

- (l/2)#(ari - x 2 ) / p^dr])(K- l {d/dx\)F{- U x x U x 2 )(d 2 / '{dx{) 2 )F{- U Sl U x 2 ) 
^(( e -^i-)-^ 2 -)_i)®")- o )( ?7 ) 

-<^(xi-x 2 ) / p M (^)((9/9a;i)F(7Ua;i Ux 2 )(9/ax J 2 )F( 7 Uxi Ux 2 ) 
•/r 

★ ( n ( e -*(*i-)-^-) _ i)^"- 1 ) (e-*(*i-)-^ a -)(_i/ 2 )^( a;2 - -)))~ )fo) 
-(l/2)^(x 1 -x 2 )(-l/2)0;(a; 2 -a; 1 ) 

x / p M (^)(^ 1 (9/9xi)F( 7 Uxi Ux 2 )(d/dxi)F(- f Ux 1 U x 2 ) 
Jr 



x 



*((e-^-)-^-)-l) 8n ): =0 )(^)j. (7.15) 
Using (13.2p . ( 13. 3ft . and ( 15. 5ft . we next have: 

(^ J ( 7 )/i(<J 7 ) = y / Kdj) [ zdxexp[{(-l/2) ( j>(x--), 1 )] 
(A a; F(7 Us)) 2 - 2A :E F( 7 U x) ^(V.F^ U x), V0(x - u)) 

uG7 

+ ^(V a; F(7Ux),V0(x- M )) 2 

1167 

+ (V x F{ 1 Ux),V(l){x-u 1 ))(V x F{ 1 Ux),V(p{x-u 2 ))\ 

uie-y n 2 G7\wi 

+ ~t fJ'idj) / -2^1 / zdx 2 exp [(— </>(xi — •) — </>(x 2 — 

- <f>( Xl - x 2 )] {a^F^ U x x U x 2 )A X2 F(-f U x x U x 2 ) 

- 2A X1 F( 7 U X! U x 2 ) ^(V^Ffr UxjU x 2 ), V0(x 2 - u)) 

- 2A X1 F( 1 U X! U x 2 )(V :r2 F(7 U x, U x 2 ), V0(s 2 - Xl )) 
+ J^(V :C1 F(7 U xi U x 2 ), 4>( Xl - u))(V X2 F(>y U xi U x 2 ), V0(x 2 - u)) 
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+ J2 Yl (Vx/(7 U H U x 2 ), V^(n - (V,/(7 U n U i 2 ), V<^(x 2 - m 2 )) 
+ 2(^1^(7 UnU x 2 ), V0(x! - u)) (V a;2 F(7 UnU x 2 ), V0(x 2 - a*)) 

m£7 

+ (V X1 F( 7 UiiU ac 2 ), V0(xi - x 2 )> (V X2 F( 7 UijU ac 2 ), V0(x 2 - a*)) 1. (7.16) 



By Lemma 12.11 the right hand side of (I7.15P is equal to the right hand side of 
equality (17.161) . Hence, 

lim [ (^F) 2 ( 7 )Mrf7) = f (H^F) 2 (j)f,(d 7 ). (7.17) 



r Jr 



Analogously, one may also prove that 

lim J '(FWF)( 7 )(^ (da) F)(7)Md7) = J {H^Ff{^{dry). (7.18) 
Now, (Q follows from (177171) and (177181) . □ 

Proof of Corollary 16.11 By Theorem 16. 1[ [3, Chapter 3, Theorem 3.17], and the as- 
sumption of the corollary, we see that, for each t > 0, e~ tH{c) — *> e -*-ff (dlf) strongly in 
L 2 (r,/i) as e — > 0. To conclude from here the weak convergence of finite-dimensional 
distributions, we proceed as follows. 

We fix any < t 1 < t 2 < ■ ■ ■ < t n , n G N. For e > 0, denote by /x| tn the finite- 
dimensional distribution of the process Y^' e ^ at times ti, . . . , t n , which is a probability 
measure on T n . Since T is a Polish space (see e.g. [32]), by [23J Chapter II, Theorem 3.2], 
the measure \x is tight on T. Since all the marginal distributions of the measure tn 
are /x, we therefore conclude that the set tn | £ > 0} is pre-compact in the 

space j\4(T n ) of the probability measures on T n with respect to the weak topology, 
see e.g. [23| Chapter II, Section 6]. Hence, the weak convergence of finite-dimensional 
distributions follows from the strong convergence of the semigroups. □ 
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